We consider a symmetric space (G, K, σ) where G is a Lie group, K a closed subgroup, and σ the involutive automorphism defining the space. A local representation π is defined for g in a neighborhood of e in G\ and the operator π(g) is unbounded and defined on a dense subspace in a Hubert space where the identity holds. We study analytic continuations of π to unitary representations of a group G* which is dual to G.
unbounded) on 3 for all g e U c G, and (1.1) "(g-1 ) c*(σ(g)) , get/.
In earlier work [4, 8, 12] it was assumed further that U is invariant under translation to the right by elements k in the subgroup K, i.e., U K = £/, and m{k)Q) = 3, k e AT. In this paper, we show that this global assumption may be replaced by a purely foe*?/ one which was dictated by particular models and suggested by Schrader, and the integrability conclusion for the analytically continued representation π* of G* may still be preserved.
The construction of TΓ* is carried out in two steps. First an infinitesimal representation, dm of g, is constructed from π by differentiation, generalizing classical ideas going back to Segal and Garding [9] . Starting with dπ, we define a second infinitesimal representation, dπ* of g* = f 4-im, by (1.2) dπ*(x + iy) = dττ(x) + idm(y), on 3, for x e ϊ, j > e m.
In the second step we prove, using a main result from [5] , that the representation dπ* of g* exponentiates to a strongly continuous unitary representation TΓ* of G* on Jίf. We recall that π* may be viewed as an analytic continuation because there are self-adjoint operators H and M, defined on 3 such that iH extends the skew-hermitian operator dπ(x), and similarly M extends the hermitian operator dτr(y). If exp: g* -» G* denotes the exponential mapping of Lie theory [7] , then for t e R, we have ( We are extremely grateful to Professor Schrader for asking us to write up the result, and giving permission to quote him. We also wish to thank Professor W. H. Klink for useful suggestions during the author's talk in the math.-physics seminar at the University of Iowa.
Local representations.
Let G be a Lie group with Lie algebra g, K a closed subgroup, and σ an involutive automorphism of G such that
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where K σ = (g e G: σ(g) = g}, and (^σ) 0 is the connected component of the identity e in K σ . We say that (G, ^Γ, σ) is a symmetric space [7] . Then form g* = ϊ + zm, again defined as a direct sum of real vector spaces. It is easy to check that g* is again a real Lie algebra. By Ado's theorem [7] , there is a simply connected Lie group G* which has g* as its Lie algebra. Moreover, G* is unique up to Lie isomorphism.
Following While it was assumed in [4] that U is globally invariant under right-translations by all elements k in K, and Q is π(A:) invariant, we drop this assumption on U, and replace it by two purely local conditions. By virtue of [3, 11] , and (2.4) and (2.5) above, we have a local hermitian semigroup {τr(expίy)} of unbounded operators in 2P for each y e m. It follows that, for some self-adjoint operator M, with 2{M) containing 2), we have the operator inclusion
for t sufficiently small, where the right hand side e tM is self-adjoint and defined by the spectral theorem applied to M. The restriction of M to 2 will be denoted by dπ(y). It follows that every local representation π satisfying (LR1-3) has an infinitesimal representation dπ of the Lie algebra g, and, moreover, the construction of dπ in this context generalizes the Garding construction from [2] . Our construction of dπ uses the nontrivial part of the Extension Theorem for local semigroups of hermitian unbounded operators in Hubert space [11] , see also [3, 13] .
In addition to (LR1-3), we shall assume that
, and
(2.7)
Finally, it is assumed that (LR6) For y e m, and ψeS, the function
is locally integrable on the subset
{keK:exp(Ad k y) e U).
Recall that Ad denotes the usual adjoint representation [7] of G or g. We shall say that π is a local representation of (G, K, σ) if (LR1-6) are satisfied. If the local representation π* constructed in §1 from π extends to a strongly continuous unitary representation of G* or Jίf, then we shall say that m can be analytically continued.
From [9] we have the notion of integrability for representations of Lie algebras by unbounded operators. See also [14, 22] . A representation dπ* of the Lie algebra g* was recalled in §1. It is easy to show that a given local representation π of (G, K, σ) can be analytically continued to a strongly continuous unitary representation 77* of G* if and only if dπ* is integrable, and in this case, π* may be constructed as an exponential of dπ*. We refer to [9] and [8] for details regarding integrability and local representations.
Our main result below generalizes earlier work [12] and [4] in three different directions, as described in the Introduction.
THEOREM. Let π be a local representation of a symmetric space (G,K,σ). Then π can be analytically continued to a strongly continuous unitary representation m* ofG*.
3. A subgroup of G*. We start with a symmetric space (G, K, σ) and consider the corresponding real symmetric Lie algebra g = f 4-πt as in (2.2) 2 e πx}. Then it follows that g x = l x + m is again a symmetric Lie algebra, and moreover that f x is an ideal in f, and g x is an ideal in g.
We now let K λ be the smallest closed subgroup of K which contains the set (expx: x e ϊ^}; and similarly we denote by Gf the closed subgroup of G* which is generated bygf = E 1 + /m. Recall that Gf is the smallest closed subgroup of G* which contains the set {expz: z e gf}. Since ϊ λ is an ideal in f, and gf an ideal in g*, it follows that the subgroup K x is normal in K, while Gf is normal in G*. Moreover, (Gf, ϋΓ 1 ,σ*)isa symmetric space.
We shall make use of the following, Observation 1. gf is the smallest real Lie subalgebra of g* which contains the subset, ixn = {iy: y ^ xn}.
Proof. Let ί) be the smallest real Lie subalgebra of g * which contains ixn. Since ΐ) is closed under the Lie bracket of g*, it follows that for all y l9 y 2^ m. Using again that ή is a Lie algebra, we conclude from this that ϊ λ c ί). Since z' m c ί>, it follows that gf = ΐ 1 + ixn c ί).
On the other hand, gf is a real Lie subalgebra of g* and it contains ixn. Hence ί) c gf since ί) is the smallest such real Lie subalgebra.
Let m be a local representation of (G, K, σ), and let dm be the corresponding infinitesimal representation of the Lie algebra g of G.
Obersυation 2. For z = x 4-iy e ϊ ι + ixn = gf, x G f υ j > e m, we define and it follows that dπ* is a representation of the real Lie algebra gf such that Proof. Recall that, for every y e m, we have a local semigroup, S t = π(expty) of hermitian operators defined on 2 for t sufficiently small. Properties (LR1-3) are used for this. The reader is referred to [11] and [3] for the theory of local semigroups. The Extension Theorem for such semigroups provides us with a self-adjoint operator M such that S t cz e tM where c refers to the usual inclusion for unbounded operators. By virtue of properties (LR3 and 4), it follows that 2 is contained in the domain of M, and by [8 It remains to extend π* from the subgroup G* to all of G*.
Garding vectors.
By virtue of (LR1), the integral
is well defined when /e C?(K) 9 and ψE/. Recall that dk denotes the left-invariant Haar measure on K. Since π \ κ is a unitary representation, the integral is convergent for all / with compact support. If / is also C 00 , then τr(/) ψ is a C 00 -vector for the action of K, and, in particular, is in the domain @(dπ(x)) for all x e f and Λr(x)ir(/)ψ = *r(jc/)ψ where
(χf)(g)=j t f(eχp(-tχ) g)\ t=0
Observation 4. Let ψG^, and let /e C?(K) have support in the neighborhood V^ from (2.7) and (LR5). Then ττ(/)ψ is an analytic vector for the operator dττ(y), cf. (3.5), for all y e m. Moreover, Proof. The proof is essentially contained in [8, §4] . We first note that, by [8, Lemma 0] , the function k -> π[e tAάk~l (y) ]\p, is continuous on Vψ for all t in an interval (-ε, ε) where ε depends on ψ. It follows that the integral on the right hand side of (4.2) is convergent for all /e C™(K) with support contained in V^. Since Ή \ κ is unitary, the norm of the integral in (4.2) may be estimated by
On the other hand, we have by virtue of (LR1 and 5) for values of / and k specified as above. It follows that the unbounded self-adjoint operator, e tM passes under the integral sign in (4.1), and (4.2) follows.
The proof that / -> e tM π(f)ψ is analytic for / e (-e, ε) follows from [8, Lemma 1] We have seen that 3) κ is contained in the domain of dπ(z) for all z e g. It follows from (3.1) that 2 K is also contained in £ϊ(dπ*(z)) for all z e g*. the above fact, we get dττ*(z) = dπ(z), and x (g*), that M, regarded as an operator in C x (g*), generates a strongly continuous one-parameter group on C L (g*), and that this group agrees with e ιtM on 3C. Combining Lemmas 5 and 6, it follows that, for |Im*?| sufficiently large, /GC, the space is dense in C 1 (Q*) for all z e g*. This is just an application of the "converse" Hille-Yosida theorem to the Banach space C ι ( g *). The integrability of the operator Lie algebra ί/7r*(g*) now follows from [9, Theorem 9.2] (which is the main theorem on exponentiation of operator Lie algebras from [9] . This result was announced in [10] .)
This concludes the proof of the Theorem in §2 above.
REMARK. In special cases, an alternative approach to the extension of 7r* from the subgroup G* to all of G* may be based instead on [5, Theorem 2.2] . We may apply TΓ*, viewed as local representation of G*, to formula (4.3). Using the argument above, and formula (4.4), we get the estimate (4.5) ||^(x)ψ||< Const[||ψ||+ Σ ]
valid for x e ϊ, and ψ e C x (gf) = the completion of 2 K in the graph norm on the right hand side of (4.5).
Our result [5, Theorem 2.2] now implies that C°°(gf) is invariant under dπ(x), and that the operator family {dπ*(y i ): 1 < i < n) analytically dominates dπ(x). Since 2 consists of analytic vectors for this family, it follows that every vector in Q) is also analytic for dπ(x), and integrability of dπ*(q*) follows from a sέcond application of [5, Thm. 3.1], or [22] , Alternatively, it follows that the assumptions in Nelson's extension theorem [14, Theorem 6] are fulfilled, see also [17, Theorem 3 .1], and we conclude that TΓ* on Gf extends to a unitary representation, also denoted by 7Γ*, of the bigger group G*. Moreover, the extended representation is seen to be the exponential of the operator Lie algebra dττ*(g*), see [14, Lemma 6.3] , by analytic domination.
